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𝜌 Air density 
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CHAPTER 1: INTRODUCTION 
Exterior ballistics is the study of the behaviors of a projectile moving through air, as 
affected by gravitational and various aerodynamic forces. This naturally dates back to 
any use of projectiles in production or warfare, but the introduction of Newton’s laws of 
motion allowed such an area to evolve into science from art [1, p. 10] . In modern times, 
the study of projectiles has matured around the use of increasingly powerful computers. 
Earlier attempts to facilitate ballistic research and projectile designs results in computer 
programs like SPINNER in the late 1960s [2] and MCDRAG in the 1970s [3], and these 
programs still see some use even as nowadays. 
A center problem of exterior ballistics is the calculation of trajectories of any given 
projectile and conditions. A very comprehensive model describing the motions of a 
spinning projectile in air, was formulated as early as in the 1950s [4], and was further 
developed by Lieske and McCoy [5] into what is commonly known today as the 6 
Degree-of-Freedom Trajectory Model (6DOF). 
The 6DOF Trajectory Model of spinning projectiles, while able to accurately realize its 
complex in-flight motions [1, p. 187], is significantly more computationally intensive 
than simpler models such as Modified Point Mass Trajectory Model (MPM) [6] and 
requires a long list of aerodynamic coefficients. Currently these coefficients are usually 
obtained only from existing database [7] or determined experimentally [8]. 
The purpose of this design study is to draw comparison between the 6 Degree-of-
Freedom and Modified Point Mass Trajectory Model in simulation trajectories of a 




look to use or modify these models, with experimentally determined or CFD generated 
aerodynamic coefficients. This study aims to answer the following questions: 
How does the deviation of trajectory between 6DOF and MPM vary with respect to Mach 
number and simulation time step size for a spinning projectile? The potential mechanisms 
that cause any significant deviation is explored. 
What firing conditions would influence the similarities between the 6DOF and MPM 
trajectories? When would the MPM model give significantly different result from the 
6DOF? 
Because of the nature of 6DOF model to consider both the spatial location and orientation 
of a projectile, it can be highly precise in describing the motion of a projectile and very 
accurate given high quality inputs, but numerical simulation under this scheme requires 
the computer to perform vector operations iteratively on the many forces and moments 
with small time steps [1, p. 187]. Currently, the 6DOF model is significantly slower than 
other methods such as Modified Point Mass Trajectory Model [6]. 
By addressing these topics, this study would inform the practical differences between 
6DOF and MPM, and identify scenarios either where the MPM can be used in place of 
6DOF to simplify procedures and save computing power, or where 6DOF should be used 
for its higher precision. 
This study would also provide a well-documented and research tool or framework for 
future studies in the trajectory simulation field. This would be in the form of a MATLAB 




6DOF and MPM model, as long as the relevant aerodynamic coefficients of the projectile 
are provided. 
There can be broader applications for topic, such as ballistic computers for long range 
shooting or artillery, or potentially in video gaming titles that value realism. However, 
actual implementation of these lies beyond the scope of this study as it focuses on the 





CHAPTER 2: LITERATURE REVIEW AND FORMULATION 
2. 1. Classical Approach to Trajectory Computing  
For a long time, even till today, the predominant methods of calculating a trajectory are 
mostly rooted in the model of point mass trajectory, which is discussed in detail in the 
next section (2. 2. 2. ). As shown in that section, this model focuses on the two most 
influential forces on a projectile: drag and gravity.  
While the gravitational acceleration is universally known, the coefficients used to 
calculate drag can change with Mach number, and are different across various shape/type 
of trajectories [1, pp. 81-86]. Works attempted to measure the drag of typical projectiles 
could date back to even before WWI [1, p. 54]. These drag profiles of typical projectiles 
forms “drag functions”, which are in fact not empirical math functions, but data points 
that draws the curve of drag coefficient vs Mach number. Today, the most widely used 
drag functions are the G1 and G7 models, each representing a typical projectile shape, as 
shown in the figure below [9]: 
 




It can be seen in the figure that G1 model represents the drag profile of a projectile shape 
with short, round nose and flat bottom, similar to a pistol bullet. The G7 model represents 
a shape similar to a modern rifle bullet, with long, pointy nose and boattail bottom.  
The classical way of using these standardized drag models is to take the model that has a 
shape closest to the actual projectile used, then use a “ballistic coefficient” (BC) to offset 
such chosen curve to better match the actual drag profile [9].  Ammunition manufacturers 
would usually advertise a G1 BC and a G7 BC of their products.  
However, there has been concerns over the accuracy of these advertised BCs, as tested by 
independent experiments [10], [11], [12]. Litz [9] has also showed that a Custom Drag 
Model, which uses actual experimentally measured drag coefficient values can have 
significant differences compared to the commonly used G1 or G7 models: 
 
Figure 2.2: Drag coefficient of a .243 bullet using experimentally measured data vs. 





2. 2. Trajectory Models Formulation 
2. 2. 1. Vacuum Trajectory 
When computing the trajectory of a projectile, there may exist a function describing the 
path it would travel, given its initial velocity (including magnitude of velocity or speed, 
and direction) and position. This can be the case in a vacuum, and it is known as the 
analytical solution, functions that explicitly relate y (altitude) and x (forward distance) 
and t (time). With the initial conditions above, Carlucci [13] summarized the equations to 
be: 
 𝑥 = 𝑉0𝑡 cos 𝜙0 2.1 




where 𝑉0 is the initial magnitude of velocity, often called muzzle velocity as well, and 
𝜙0 is the initial angle, measured upward from horizon (x-axis) as positive. The solutions 
is a parabola, also known as vacuum trajectory. This solution requires two major 
assumptions [13]: 
1. The projectile in question is a point mass. 
2. No force other than gravity is acting upon the projectile. 
If the scenario being discussed is not a vacuum, the two assumptions made above may 
still be reasonably accurate for a low-speed problem, in which drag force is also low. But 





2. 2. 2. Point Mass Trajectory 
As its name suggests, the point mass trajectory still upholds the first assumption in the 
vacuum trajectory, considering the projectile as a dimensionless point mass. This 
eliminates the effects of forces and moments on the projectile due to its shape, 
orientation, and rotation [13]. The one new factor being introduced in this model is drag 
as the projectile moves through air, such that it is also called Simple Air Trajectory [13]. 
The approximation of point mass trajectory is quite accurate for most projectile flying 
with small angle of attack and is also very practical that it only considers gravity and drag 
forces. For these reasons, it became the “backbone of modern exterior ballistics” [1]. 
The equations of point mass trajectory or other more complex models use vector notation. 
This chapter would follow the reference frame used by Carlucci [13] in defining x-y-z 
directions: 
 
Figure 2.3: Reference frame and notations of point mass trajectory [13] 
As seen in Figure 2.3 above, x-axis is horizontal and points towards the initial firing 




and pointing directly away from the center of earth. Any sideway movements of the 
projectile are along the z- axis, which is also horizontal. 
Under this reference frame, the Point Mass Trajectory can be described by the differential 







+ 𝐠 2.3 
 
Here σ 𝐅Ԧ denotes all exterior forces acting on the projectile other than gravity. As 





This equation shows that drag is related to air density (𝜌), the frontal area of the projectile 
(𝑆), drag coefficient (𝐶𝐷), velocity magnitude scalar (𝑉) and velocity vector (𝐕). It is 
important to note that velocity is not the only variable here, with the other being the drag 
coefficient. Both experimental and computational data have shown that for most 
projectiles, 𝐶𝐷 is highly dependent on Mach number. Figure 2.4 below shows the shape 





Figure 2.4: Drag coefficient vs. Mach number of 105 mm shell [1] 
Generally, CD stays low for very small Mach numbers (hence why low speed scenarios 
may ignore drag), then rises drastically as speed approaches Mach 1, and finally 
gradually decreases at higher supersonic speeds [1]. Since 𝐶𝐷 does not explicitly correlate 
to Mach number (or velocity) by an equation, but rather often tabulated using obtained 
data, it can be difficult to develop an analytical solution for the point mass trajectory [13]. 
Numerical solutions incorporating the aforementioned differential equation are more 
widely used, as it advances by discrete steps, allowing for CD values to be interpolated 





2. 2. 3. Point Mass Trajectory with Effect of Wind 
More than often, a projectile is fired in an environment with some wind. The drag 
equation above can be adjusted slightly to account for wind, by replacing the projectile 








𝑣 = ȁ𝐕 − 𝐖ȁ, 𝐯 = 𝐕 − 𝐖 
2.6 
Here, 𝐖 is the velocity vector of wind. The lowercase 𝑣 scalar or 𝐯 vector denotes 
projectile velocity in wind. This adjustment and notation also apply to other aerodynamic 
forces below.  
 
2. 2. 4. Point Mass Trajectory with Coriolis Effect 
Coriolis effect is the acceleration appears on the projectile with respect to earth, due to 
earth itself rotating. It is small compared gravitational acceleration but can still be 
significant for long range firing [1, p. 43]. A third term is added to the point mass 







+ 𝐠 + 𝚲 2.7 
The Coriolis acceleration 𝚲 is defined as [13]: 






Ω cos 𝐿𝐴𝑇 cos 𝐴𝑍
Ω sin 𝐿𝐴𝑇




In the above equations, the scalar Ω is the angular velocity of earth, which is 0.00007292 
rad/s. LAT and AZ refers to the latitude of the projectile on earth and the azimuth of its 
flying direction [1, p. 187]. 
 
2. 2. 5. 6 Degree-of-Freedom Trajectory  
The 6 Degree-of-Freedom Trajectory model does not simplify the problem as much and 
abandons both of the assumptions made above [1]. The term “6DOF” refers to 3 
translational DOFs (x, y, and z) which tracks the spatial location of the projectile, and 3 
rotational DOFs (rx, ry and rz) which indicates the orientation of the projectile. Because 
the projectile is no longer viewed as a simple point mass, this allows sideway forces and 
moments on the projectile to be analyzed [1]. The forces modeled in 6DOF trajectory for 
a non-finned, spinning projectile include drag force, lift force, Magnus force and pitch 
damping force. The moments include spin damping moment, overturning moment, 
Magnus moment and pitch damping moment [13]. Other than drag, all other forces and 
moments are new factors compared to the Point Mass Trajectory Model, and each of 
them has its related aerodynamic coefficient. Their effects and equations are detailed 
below. 
Lift is the force perpendicular to the trajectory, due to the nose of the projectile not 




the lift of on a wing due to having certain angle of attack. In Figure 2.5, this angle is 
denoted by 𝛼𝑡.  
 
Figure 2.5: Illustration of lift force on a projectile [13] 
Lift force varies with both velocity and 𝛼𝑡. In 6DOF model, 𝛼𝑡 can be replaced by vector 
from between velocity V and projectile axial vector i (where its nose is pointing at), and 




𝜌𝑆𝐶𝐿𝛼[𝐕 × (𝐢 × 𝐕)] 
2.10 
The effect of wind, as discussed above, can also to apply in equations in the 6DOF 
model, by replacing V with  
 
𝐯 = 𝐕 − 𝐖 
2.11 
This continues to hold for all aerodynamic forces and moments in this section [13].  
This lift coefficient 𝐶𝐿𝑎 often varies with 𝛼𝑡 nonlinearly and can be described by the 
following equations: 






𝛿 = sin 𝛼𝑡 2.13 
𝐶𝐿𝑎0 is known as the linear lift coefficient, and 𝐶𝐿𝑎2 known as the cubic lift coefficient [1, 
p. 35]. Just like 𝐶𝐷, 𝐶𝐿𝑎0 can vary with Mach number [14]. These behaviors are also true 
for many other aerodynamic coefficients [1, pp. 33-37] [14].  
In some literatures, the author uses axial (𝐅𝐗) and normal force (𝐅𝐍) instead of drag and 
lift force. The difference is that while drag and lift is measured along and perpendicular 
with respect to the velocity vector, axial and normal force is with respect to the projectile 
axial vector [1, p. 35].  
Because the center of pressure (CP) that lift force acts on can be at a different position 
from center of gravity (CG) on a projectile, such force creates a moment, known as the 
overturning moment [1, p. 37]. This is similar to the “pitching moment” used to describe 
an airfoil [1, p. 36] and is shown in the figure below. 
 
Figure 2.6: Difference in CP and CG leading to an overturning moment [13] 
Let d be the diameter of the projectile, the equation for the overturning moment in vector 











𝐶𝑀𝛼 = 𝐶𝑀𝛼0 + 𝐶𝑀𝛼2 𝛿
2 
2.15 
In Figure 2.4 above, with CP in front of CG (positive 𝐶𝑀𝛼), the overturning moment 
would increase 𝛼𝑡. Thus, unless the projectile is spinning, with a positive 𝐶𝑀𝛼, it would 
become unstable [1, p. 36].  
Magnus force and moment are the results from Magnus effect: the pressure differential 
on two sides of a rotating object [1, p. 36], as illustrated by the figure below:  
 
Figure 2.7: Magnus force and moment on a spinning projectile [13] 
Similar to lift force and overturning moment, both Magnus force and moment exist due to 
the difference between the center of gravity and center of pressure of the Magnus effect 








) 𝐶𝑁𝑝𝛼(𝐕 × 𝐢) 
2.16 
 















𝐶𝑀𝑝𝛼 = 𝐶𝑀𝑝𝛼0 + 𝐶𝑀𝑝𝛼2 𝛿
2 
2.19 
Here, 𝑝 refers to the axial spin rate of the projectile, usually cause by rifling.  
The Magus force can often be neglected due to being relatively small compared to other 
forces, but the resulting Magnus moment is significant and should be used [13]. For the 
Magnus moment, another form of equation where the spin rate (𝑝) is replaced by specific 







(𝐡 ∙ 𝐢)[𝐕 − (𝐕 ∙ 𝐢)𝐢] 2.20 
The use of 𝐡 term can be done for other moment equations as well, as shown below.  
For the spin, there also exist an opposite moment that tries to slow down the spin, which 
is known as the spin-damping moment. Due to such nature, the spin-damping coefficient 
is always negative [1, p. 33] to counteract spin. Figure 2.8 below shows such moment: 
 
Figure 2.8: Spin-damping moment, a negative moment [13] 


















(𝐡 ∙ 𝐢)𝐢 2.22 
As the equation shows, the spin-damping moment is always along the projectile axial 
direction. Unlike the aforementioned aerodynamic coefficients, the spin-damping 
coefficient does not vary with angle 𝛼𝑡. 
As this orientation of the projectile changes, there exist the pitch-damping force and 
moment. Such force and moment are due to both change in the angle-of-attack (?̇?𝑡 in 
Figure 2.9) and angular velocity in the transverse direction (𝑞𝑡 in Figure 2.9), which is 
different from the ?̇?𝑡 plane [1, p. 38].  
 
Figure 2.9: Pitch-damping force and moment [13] 
The equation for pitch-damping force and moment thus each contain two coefficients, 




















For similar reasons as the Magus force and moment, usually only the pitch-damping 
moment is used is actual computation. It also can be in the form of using specific angular 




𝜌𝑆𝑑2𝑉 ቀ𝐶𝑀𝑞 + 𝐶𝑀?̇?ቁ [𝐡 − (𝐡 ∙ 𝐢)𝐢] 
2.25 
Summing the aforementioned forces and moments in the 6DOF Trajectory are two 















The first equation is the same as in point mass trajectory. However, σ 𝐅 now contains not 
only drag but all forces above.  Similarly, σ 𝐌 contains all the moments. 2.27 can also be 
in the form of total angular momentum (𝐇) if the transverse moment of inertia 𝐼𝑇 is 








Where 𝐢𝟎 and 𝑝0 are the initial axial vector and initial spin rate of the projectile. 
The numerical integration of these differential equations of the 6DOF model is 
considered the “most accurate solution possible” for both the trajectory and in-flight 
angular motions of an axisymmetric projectile [1, p. 187]. However, the quality of these 
results can only be as good as the input data, and due to the long list of aerodynamic 




achieve [1, p. 187]. It could be difficult to obtain all of the eight coefficients. For 
example, the pitch-damping coefficients, if computed via CFD, require a modified 
scheme compared to other coefficients [15] and some research on projectile 
aerodynamics would omit it [16].  
Aside from input data quality, another limitation of the 6DOF approach is computational 
power. This model, as shown above, consists of many vector operations. The integration 
result of 6DOF equations shows epicyclic motions of the projectile that its tip would 
rotate around the velocity vector [1, p. 194]. This is one of the accurate in-flight 
dynamics that the 6DOF is able to observe and is confirmed by experimental results [8]. 
However, this motion is of high frequency, thus very small time steps are required during 
the simulation, driving up computational cost [1, p. 194]. 
 
2. 2. 6. Modified Point Mass Trajectory 
The Modified Point Mass Trajectory Model (MPM) is developed by Lieske and Reiter 
[17] in response to the high computational cost of the 6DOF. This model sacrifices the 
ability to observe the detailed in-flight epicyclic motion to avoid the small time step 
problem as mentioned above. Such neglected motion is the transient solution to the 
trajectory of a spinning projectile, while the particular solution, the yaw of repose (a 
generalized angle-of-attack), which is not rapidly changing, is retained. This essentially 
replaces the three rotational DOF’s with one, allowing for larger time steps to be used, 
and still allows for the calculation of sideway forces [1, p. 213]. Baranowski [6] has 




Freedom Trajectory Model (6DOF). The differential equations of the MPM for a non-
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apart from variables already introduced in the 6DOF model, 𝛂𝐑 is the yaw of repose and 
𝐼𝑥 is the axial moment of inertia of said projectile. The third term (Magnus force) in 2.29 
is usually neglected for the same reason as in 6DOF. This model reduces the number of 
coefficients needed to five. The three equations describe the change in velocity vector, 
slowing of spin and yaw of repose of the projectile.  
One main limitation of the MPM, aside from not representing the epicyclic motions, is 
that it assumes such motion to be small in order to make the above generalization. This 
holds for most small arms firings but may not be true for very high elevation angle 
artillery firings [1, p. 216].  
 
2. 2. 7. Aerodynamic Jump Due to Crosswind 
Asymmetric mass distribution of the projectile, in-bore yaw and wind can cause a 




causes are due to either manufacturing imperfections of individual projectiles, or 
conditions hard to control, this study would focus on the aerodynamic jump due to 
crosswind. Such “jump” is the upward or downward deflection of a spinning projectile 
exhibits in wind blowing from side to side [1, pp. 267-269], and is different from the 
sideways movement in 2.6. 
McCoy [1, p. 268] suggested that this tangent of deflection angle can be found using the 



















Here 𝑛 denotes the twist rate in calibers per turn, 𝑊𝑧 is the crosswind velocity component 
and 𝑉0 is the muzzle velocity. 𝐽𝐴 is used to rotates the already calculated trajectory 
upward or downward as a post processing step with muzzle conditions to compensate for 
aerodynamic jump.  
 
2. 2. 8. Spin Drift 
Even under no wind condition, there will still be some lateral movement on a spinning 
projectile. This is known as the spin drift. The 6DOF model natively include such drift as 
it simulates Magnus effect due to non-zero AoA [1, p. 36]. The Modified Point Mass 
model also includes such effect with its yaw of repose calculation (2.30) and the second 
term in 2.31. However, a simple point mass trajectory model that only considers drag and 











Note that projectile mass (m) here is in grains, twist (t) in calibers per turn, diameter (d) 
in inches and length (l) in calibers. A conversion is necessary if the rest of the calculation 
is in SI units. 
Drift, in terms of inches, can therefore be estimated as [19, p. 97] as: 
 𝐷𝑟𝑖𝑓𝑡 = 1.25(𝑆𝐺 + 1.2)𝑡𝑜𝑓1.83 2.35 
Where “𝑡𝑜𝑓” stands for time of flight. In other words, this method estimates spin drift at 
certain range based on how long the projectile has been in flight by the time reaching this 




2. 3. Related Concepts 
2. 3. 1. Time-Accurate CFD 
The MPM and 6DOF are both 2-step approaches. Relevant aerodynamic coefficients are 
obtained first, then numerical solutions are found using the two models. There have been 
attempts to obtain a solution in a single step, such as time-accurate CFD [20]. Geometry 
of the projectile is placed directly in the scenario in question to perform a time-marching 
CFD in order to find its behavior at different time points. This is significantly more 
computationally intensive that all the methods above, as a full CFD simulation is required 
for every trajectory solution. Studies using this method generally focus on a small time 
frame, such as the release of stores from an airplane by Lijewski & Suhs [20].  
Although CFD can be used to facilitate 6DOF trajectory calculation, its utilization is 
completely different from time-accurate CFD. In the 6DOF scheme, for one type of 
projectile, CFD is used only to obtain aerodynamic coefficients at various Mach numbers 
and angles-of-attack. After these coefficients are tabulated, CFD is no longer required. 
Trajectories for different firing scenarios are only calculated numerically using the 6DOF 
model and obtained coefficients, with different initial conditions.  
 
2. 3. 2. CFD for Generating Aerodynamic Coefficients 
Efforts of using CFD to facilitate understanding the aerodynamics of spinning projectiles 
started as early as in the 1970s in the U.S. Army Research Laboratory [21]. In the 1990s, 
CFD using Reynolds-averaged Navier-Stokes (RANS) equations has already showed 
good prospect and believed to be “highly productive” [22]. This has been an on-going 




problem, such a pitch damping [15], magnus moment and rolling damping [23], 
feasibility across a wide range of Much numbers [24], effects of grooves cutting into the 
projectile body left by rifling [23], dynamic stability [25] and faster transient approaches 
in subsonic [26].  
  
Figure 2.8: Mesh Comparison between Sturek in 1984 [21] and Silton in 2017 [26], from 
simple structured grid to multiple density boxes, unstructured grid 
It should be noted that for many of these studies, trajectory simulation may not be the 
original goal. Helping the ammunition designers to understand the projectile 
aerodynamics is a major incentive [22]. Other than advancement in CFD techniques, 
researcher today also enjoy major improvements in computing power (even just on 
consumer grade hardware) and software availability (no need to write their own RANS 





CHAPTER 3: METHODS 
3. 1. Programming Overview 
The trajectory simulation program used in this study is developed in MATLAB It is 
chosen for its wide utilization among engineers and efficient matrix/vector operations for 
solving the differential equations in both 6DOF and MPM. The program is designed to 
have inputs and outputs similar to that of ballistic computers used for rifle shooting, such 
as JBM Ballistics [27]. The program users provide information about where the simulated 
rifle is aimed at, and how the scope is zeroed, instead of the initial conditions of the 
projectile directly (position, velocity, orientation and spin), which in this case is 
calculated by the program automatically based on user input. This allows for easy 
comparison of results with other programs while ensuring the same firing conditions 
used. The input parameters of the MATLAB program are shown in Table 3.1: 
Table 3.1: Input parameters and variable name in MALTAB code for trajectory 
simulation 
Category Parameter Variable  Unit Note 
Projectile 
(BLT) 
Diameter d m  
Length L m  
Mass m kg  
Axial moment of inertia IP kg-m2  
Transverse moment of inertia It kg-m2  
Muzzle velocity MV m/s  
Barrel twist twist inch/rev  
Various aerodynamic coefficients vs. Mach number data input as table 
Firing 
Position 
Initial Altitude (ASL) altitude m  








Aiming line of sight LOSAngle deg (+) uphill  
Scope height above barrel ScopeHeight m  
Zero range of the scope zeroRange m Provide one 
of the two Scope zeroing angle scopeAngle deg 




Ambient air temperature temp °C  
Relative humidity humidity %  
Ambient air pressure pressure pa  
Wind speed windSpd m/s  
Wind direction windDir deg  
Computing Simulation time span tspan s  
Time step size dt s  
The choice of model can be made for conducting each simulation, including simple (drag 
and gravity only) point mass model, 6DOF and MPM. The MPM model is used for 
zeroing or quick validations due to its much faster execution time. The aerodynamic 
coefficients with respect to Mach number used by each model are shown in Table 3.2. 
Please note that for some of the coefficients, 6DOF needs two components to generate 






Table 3.2: Coefficients used by each model in MATLAB program 
Coefficient for Variable Name 
Used by 
Simple 6DOF MPM 
Drag force* CD0, CD2 ✓ ✓ ✓ 
Lift force* CLa  ✓ ✓ 
Overturning moment* CMa0, CMa3  ✓ ✓ 
Magnus moment* CMpa0, CMpa3  ✓  
Spin damping moment Clp  ✓ ✓ 
Pitch damping moment CMqPlusCMad  ✓  
*In 6DOF these vary with AoA. Thus, in practice, two coefficients are 
needed for each, as discussed in chapter 2. 2.  
MPM only uses the zero AoA value. 
The magnus force and pitch damping force in the 6DOF model is neglected by this 
program, as such force is small compared to other lateral forces action on the projectile 
[13].  
The outputs of this program include a ballistic computer style range card for coarse 
comparison of the trajectory, which reports range (in 50 m increments), drop, windage, 
velocity magnitude, Mach number and time of flight. Detailed 2D and 3D trajectory 
graphs can also be generated for further analysis.  
Two sets of reference frames are used in the program for computing and range card 
reporting: x- y-z (earth fixed) and range-drop-windage (relative to the shooters line-of-
sight). Z and windage are essentially the same, which are both umbrella terms describing 
all lateral movements of the projectile. The relationship between x-y and range-drop is 





Figure 3.1: Reference frame for flat firing 
 
Figure 3.2: Reference frame when firing at a vertical angle 
First, the initial conditions are derived from using input (Table 3.1). The initial velocity 
of the bullet includes a y-component and a x-component, calculated from the barrel 
elevation angle with respect to x-y. With such initial conditions, the program first 
computes the 3D trajectory in the x-y-z reference frame. The advantage of doing so is 
that gravity is always in the negative y direction. The simulated trajectory thus would 
contain many x-y-z data points, which is used for further analysis. If a range card were to 
be produced as mentioned above, these data points are then interpreted under the range-
drop reference frame, such that forward distance along the line-of-sight (LOS) is reported 
as range, and perpendicular distance to LOS axis reported as drop. This is done with 





The numerical scheme used for solving both 6DOF and MPM is a 4th order Runge-Kutta 
method for its accuracy in solving non-linear systems as an explicit approach. Fixed time 
step sizes are used instead of adaptive time step to generate the same length of data points 
vectors for each simulation run, which allows for direct comparison between the different 
trajectories. As mentioned in the background section, projectiles in 6DOF model 
undergoes high frequency epicyclic motions whereas in MPM such motions are not 
present. The use of adaptive time step, even with the same tolerance value set for both 
models, would result in the 6DOF simulation having significantly smaller time steps and 
more data points.  











3. 1. 1. 6DOF Model ODE Function 
The 6DOF model is written as a MATLAB function in the form of an ordinary 
differential equation. It first finds the necessary coefficients at current Mach number, then 
computes linear and angular accelerations separately. They are then assembled into the 
output vector. 
 




3. 1. 2. MPM Model ODE Function 
Compared to the 6DOF function, the angular component used in MPM only includes spin 
damping, which reduces the number of coefficients required. However, it does contain 
two more steps within each iteration: calculating the Yaw Repose (responsible for spin 
drift) and the discretized aerodynamic jump due to crosswind, which is discussed in the 
next section.
 





3. 2. Aerodynamic Jump Compensation 
As discussed in Chapter 2. 2. 7. crosswind can induce an upward or downward deflection 
of the trajectory known as aerodynamic jump. Since the 6DOF model includes Magnus 
effect, it should be able to capture such vertical deflection due to sidewind, as long as a 
correct wind speed and direction is specified. However, this effect is not natively part of 
the MPM model. McCoy suggested to augment the no-jump trajectory with a post 
processing step [1, pp. 267-270], as detailed in Chapter 2. 2. 7.  One drawback is that 
such post processing only uses conditions (coefficients and wind) at a one point, usually 
at muzzle, without considering potentially changing conditions down range and different 
aerodynamic coefficients due to different Mach number. An innovation of this study on 
the MPM is to discretize the aerodynamic jump calculation and include it into the MPM 
differential equation function, instead of calculating it at the very end. At each time step, 
a small aerodynamic jump angle is found using the most up-to-date coefficients and 
atmospheric conditions. This opens up the possibility of keeping the aerodynamic jump 
up to date regardless of condition changes, such as varying wind speed with respect to 
range. The equations used to calculate the tangent of aerodynamic jump angle at each 



















Where 𝐶𝐿𝛼 and 𝐶𝑀𝛼  are the real-time coefficients with respect to Mach number at current 




perpendicular to crosswind 𝑊𝑧. 
The actual deflection angle is than found, and forms a rotation matrix to change the 
direction of the velocity vector of the projectile: 
 𝐽𝐴𝜃 = tan
−1 𝐽𝐴 3.3 
 
𝑅 = ൥
cos 𝐽𝐴𝜃 − sin 𝐽𝐴𝜃 0






𝐕 = 𝑅𝐕,     𝐯 = 𝑅𝐯 
3.5 
 
3. 3. Measurement of Trajectory Differences 
The difference between two trajectories (two models) is generally measured in two ways. 
 Distance or angle difference between the two trajectories 
 Impact point visualization 
The first method is a more direct comparison. It measures how much the two trajectories 
have separated over range, Mach number or other independent variables. The 
measurement can be in the form of linear distance (e.g. one trajectory has dropped 3m 
while another has dropped 3.5m at the same range), which is an intuitive comparison. Or 
it can be in the form of Minute of Angle (MOA), which in 1/60 of one degree, or 
Milliradian (MIL or MRAD), which is 1/1000 of a radian. These angles are a normalized 





 DiffMOA = 60 × tand−1(







ඥ(𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2
𝑥
) 3.7 
Where tand refers to inverse tangent in degrees. 𝑦1, 𝑦2 and  𝑧1, 𝑧2 are the vertical and 
lateral coordinate of the two trajectories at forward distance 𝑥. Only 𝑦 values or 𝑧 values 
can also be used to compute the difference in only drop or windage direction if needed, as 
opposed to the total difference shown in the equation.  
The second method visualizes the difference between trajectories from an application 
standpoint. First, range cards are generated using each trajectory in question. A target at 
certain range is then designated. A hypothetical shooter uses these range cards to adjust 
their rifle and try to hit this target. New trajectories as a result of using these range cards 
are then simulated and impact points around the target plotted. All trajectories in this step 
are simulated using the 6DOF model, so that the only variables are the input range card, 
generated by various method that are to be compared. This is done in liue of live firing 
with these range cards. 
3. 4. Design of Experiment 
First, a no-wind, flat firing scenario is simulated using both 6DOF and MPM model as a 
baseline for all further investigations. Various factors that may affect these simulations 
are then introduced, the new results from these two models would then be compared to 
each other, their own baselines and also common traditional means of compensating for 





These factors include: 
 Simulation time step 
 Uphill or downhill angle 
 Crosswind (aerodynamic jump) 
 Rifling twist rate (stability and spin drift) 
 
The control variables in this experiment includes projectile information, firing initial 
conditions and atmospheric conditions. These variables can be further broken down as 
follows: 
 Projectile type 
o Dimensions: diameter, length 
o Mass, axial and transverse moment of inertia 
 Firing initial conditions 
o Muzzle velocity and initial spin rate 
o Position: latitude, altitude, firing azimuth 
o Zeroing: line-of-sight elevation angle, scope height and mounting angle 
 Atmospheric conditions 
o Ambient pressure, temperature and humidity 
o Wind speed and direction 
Some extraneous variables that cannot be controlled in this experiment include those due 
to float point precision in the programming language and possible experimental 




3. 5. Projectile used and Aerodynamic Coefficients 
 
The projectile selected for simulations is the M855 5.56mm bullet. It is a common 
modern rifle cartridge, and its experimentally obtained coefficients can be found at [8] 
and [1], which include all the coefficients required by the 6DOF model. Due to the 
experimental nature of these published coefficients, they are grouped in several Mach 
number regions and not quite suitable for using in simulations that may cover a wide 
range of Mach number. Thus, a manual curve fit was first performed before feeding them 
into the program. Such curve involves manually picking fit points, and using piecewise 
cubic polynomial to connect these points. The original experimentally determined 
coefficients and curve fit values used for simulation are shown below: 
 





Figure 3.7: Curve fit of non-zero AoA axial force coefficient 
 





Figure 3.9: Curve fit of spin damping moment coefficient 
 





Figure 3.11: Curve fit of cubic overturning moment coefficient derivative 
 





Figure 3.13: Curve fit of cubic Magnus moment coefficient derivative 
 
Figure 3.14: Curve fit of pitch damping moment coefficient derivative 
 
Note that these coefficients are extrapolated outside data range. These extrapolated values 
are generally not used in the program, but they need to be present and fill the Mach 0-3 
range just in case in order to prevent program crashing.  




MPM model use drag (CD0, CD2) and life forces (CLα) in calculation, a conversion takes 
place within the ODE functions, with equations below: 
 𝐶𝑋 = 𝐶𝑋0 + 𝐶𝑋2 sin
2(𝐴𝑜𝐴) 3.8 
 𝐶𝐷 = 𝐶𝑁𝛼sin
2(𝐴𝑜𝐴) + 𝐶𝑋cos(𝐴𝑜𝐴)  3.9 
 
𝐶𝐿𝛼 = 𝐶𝑁𝛼cos(𝐴𝑜𝐴) − 𝐶𝑋 3.10 
 
The default values of other input of the M855 bullet and firing conditions are detailed 
below. These values are to be kept throughout the experiment unless specifically noted to 
be modified. 
Table 3.3: Default projectile and firing condition input values to be used in simulation 
Category Parameter Variable Default Value Unit 
Projectile 
(BLT) 
Diameter d 5.69e-3 m 
Length L 4.05*d m 
Mass m 4.04e-3 kg 
Axial moment of inertia IP 0.1416e-7 kg-m2 
Transverse moment of inertia It 1.138e-7 kg-m2 
Muzzle velocity MV 892 m/s 




Initial Altitude (ASL) altitude 0 m 
Initial Latitude latitude 0 deg 




Aiming line of sight LOSAngle 0 deg 
Scope height above barrel ScopeHeight 0.02 m 
Zero range of the scope zeroRange 100 m 








Ambient air temperature temp 15 °C 
Relative humidity humidity 0 % 
Ambient air pressure pressure 101325 pa 
Wind speed windSpd 0 m/s 
Wind direction windDir 0 deg 
Computing Simulation time span tspan [0,3] s 






CHAPTER 4: RESULTS AND COMPARISON 
4. 1. Validation of 6DOF Model 
Since the 6DOF model is used as a baseline when comparing with the MPM model, and 
used for the final trajectory simulation when comparing impact points between using 
different range card and compensation methods, it is of utmost importance to make sure 
the 6DOF model can provide a high level of accuracy. To validate the 6DOF model, its 
result is compared against that generated by a reputable, publicly available online 
ballistic calculator (appliedballisticsllc.com), using default setting for M855 in the last 
chapter (converted to English units) in a flat firing case:  
 
Figure 4.1: Input parameter used in Applied Ballistics online calculator (same as in Table 
3.3 but converted to English units) 
The result is given in the form of a range card, shown in Figure 4.2. It is converted back 





Figure 4.2: Range card generated by Applied Ballistics online calculator using input 
parameters above 
Under the same conditions, a trajectory is simulated using the 6DOF model. The 
comparison between the 6DOF result (detailed in Table 4.1) and the online calculator 






Figure 4.3: Validation of the 6DOF model vs Applied Ballistics online calculator in drop 
 
Figure 4.4: Validation of the 6DOF model vs Applied Ballistics  
online calculator in windage, caused solely by spin drift 
It can be seen from the above figures that the bullet drops are very close for the two 
results. However, the 6DOF estimated a smaller windage value than the online calculator. 
The potential reason for such a difference is discussed in detail in the Spin Drift section 





Figure 4.5: Validation of the 6DOF model vs Applied Ballistics, total difference in MIL, 
with corresponding Mach number with scale on the right 
 
4. 2. Baseline Case: Flat Firing 
As a baseline for further comparisons, this flat firing case was simulated for both 6DOF 
and MPM models. The simulated trajectories are so close to each other that only one 
curve can be seen in both Y (Figure 4.6) and Z (Figure 4.7) direction. 
 




Note that even though there was zero wind in this case and Coriolis Effect was turned off, 
both models still exhibit some level of lateral movements. This only factor that may 
cause this movement is the spin of the projectile itself, known as spin drift. Both models 
captured such an effect with similar result.  
 
Figure 4.7: Trajectory of 6DOF and MPM model in z-direction (lateral) for flat firing 
This shows that under optimal conditions, a well-established Modified Point Mass model 
has accuracy on par with the 6DOF model from an application standpoint. This was 
further demonstrated if the two results are given in the form of range cards. Since this 
case was for no wind with 100 m zeroing, these would be the typical range card a shooter 
would carry in lieu of a ballistic computer. It can be seen that in Table 4.1 and Table 4.2, 
there was less than 0.1 MOA difference in drop and windage even at 1000 m range. In 





















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.74 0.15 0.51 -0.04 -0.01 -0.03 840.73 2.47 0.06 
100 0.00 0.00 0.00 0.00 0.00 0.00 791.03 2.32 0.12 
150 -4.66 -0.31 -1.07 0.13 0.01 0.03 742.80 2.18 0.18 
200 -13.76 -0.69 -2.37 0.36 0.02 0.06 695.99 2.04 0.25 
250 -27.94 -1.12 -3.84 0.71 0.03 0.10 650.63 1.91 0.33 
300 -47.91 -1.60 -5.49 1.19 0.04 0.14 606.76 1.78 0.41 
350 -74.55 -2.13 -7.32 1.83 0.05 0.18 564.46 1.66 0.49 
400 -108.90 -2.72 -9.36 2.66 0.07 0.23 523.82 1.54 0.59 
450 -152.21 -3.38 -11.63 3.69 0.08 0.28 484.68 1.42 0.68 
500 -205.98 -4.12 -14.16 4.96 0.10 0.34 446.84 1.31 0.79 
550 -272.07 -4.95 -17.01 6.51 0.12 0.41 410.56 1.21 0.91 
600 -352.75 -5.88 -20.21 8.38 0.14 0.48 376.36 1.11 1.04 
650 -450.80 -6.93 -23.84 10.64 0.16 0.56 344.99 1.01 1.17 
700 -569.49 -8.13 -27.97 13.35 0.19 0.66 318.64 0.94 1.33 
750 -712.36 -9.50 -32.65 16.61 0.22 0.76 297.81 0.88 1.49 
800 -882.90 -11.04 -37.94 20.48 0.26 0.88 281.32 0.83 1.66 
850 -1084.48 -12.76 -43.86 25.06 0.29 1.01 267.93 0.79 1.84 
900 -1320.30 -14.67 -50.43 30.40 0.34 1.16 256.67 0.75 2.03 
950 -1593.46 -16.77 -57.66 36.56 0.38 1.32 246.87 0.73 2.23 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.04 -0.01 -0.03 840.73 2.47 0.06 
100 -0.01 0.00 0.00 0.00 0.00 0.00 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 0.13 0.01 0.03 742.80 2.18 0.18 
200 -13.78 -0.69 -2.37 0.36 0.02 0.06 695.99 2.04 0.25 
250 -27.96 -1.12 -3.84 0.71 0.03 0.10 650.63 1.91 0.33 
300 -47.94 -1.60 -5.49 1.20 0.04 0.14 606.76 1.78 0.41 
350 -74.58 -2.13 -7.33 1.84 0.05 0.18 564.46 1.66 0.49 
400 -108.94 -2.72 -9.36 2.66 0.07 0.23 523.82 1.54 0.59 
450 -152.25 -3.38 -11.63 3.69 0.08 0.28 484.68 1.42 0.68 
500 -206.02 -4.12 -14.16 4.96 0.10 0.34 446.84 1.31 0.79 
550 -272.09 -4.95 -17.01 6.51 0.12 0.41 410.56 1.21 0.91 
600 -352.75 -5.88 -20.21 8.38 0.14 0.48 376.36 1.11 1.04 
650 -450.77 -6.93 -23.84 10.64 0.16 0.56 344.99 1.01 1.17 
700 -569.40 -8.13 -27.96 13.35 0.19 0.66 318.64 0.94 1.33 
750 -712.17 -9.49 -32.64 16.60 0.22 0.76 297.81 0.88 1.49 
800 -882.59 -11.03 -37.93 20.48 0.26 0.88 281.32 0.83 1.66 
850 -1084.00 -12.75 -43.84 25.05 0.29 1.01 267.93 0.79 1.84 
900 -1319.61 -14.66 -50.40 30.39 0.34 1.16 256.67 0.75 2.03 
950 -1592.50 -16.76 -57.62 36.57 0.38 1.32 246.87 0.73 2.23 






However, one aspect of the trajectory that the MPM was unable to show was the pose of 
the projectile, due to its nature of treating the projectile as a point mass. The 6DOF 
model, however, could show the orientation of the projectile throughout the flight: 
 
Figure 4.8: Orientation of the projectile as shown by 6DOF model  
for no-wind, flat firing case 
It can be seen from the above figure that the 6DOF model appeared to show that the 
projectile would start to destabilize after 700 m in this case. By examining the MIL 
difference between the two models, one can see that the destabilization actually started 
around 650 m. This in line with the change in Mach number: at such point, the projectile 





Figure 4.9: Trajectory difference between the two models and  
corresponding Mach number with scale on the right 
Zooming in on the first 100 m of the flight, the 6DOF model also shows the initial 
epicyclic motion of the projectile as described by [13]:  
 
Figure 4.10: Epicyclic motion by 6DOF model in no-wind and  




Note that the amplitude in this case is much lower than what live-firing experiments of 
the same projectile had shown [8]. This is due to in the 6DOF simulation, the projectile 
had “perfect” initial conditions: perfectly centered CG, zero initial pitch or yaw upon 
leaving the barrel and zero initial tip-off rate (time derivative of initial pitch/yaw). 
However, in real-life any projectile would like have some imperfections resulting in non-
centered CG. The in-bore motion would also be hard to control and thus causing the 
projectile to not point perfectly straight ahead upon leaving the barrel. This motion is 
discussed by McCoy in [1, pp. 252-267]. If a small arbitrary tip-off rate is added to the 
initial condition for 6DOF, the initial epicyclic motion would show similar pattern as 
observed by Silton experimentally [8] (diydt0 and dizdt0 set to 1.0 in MATLAB 
program): 
 
Figure 4.11: Epicyclic motion by 6DOF similar to real life with some arbitrary  




4. 3. Simulation Time Step 
To ensure the precision of both models, the time step used above was very small 
(0.0001s). The ODE function of each model was called 120000 times, with 6DOF taking 
a total time of 8.212 s and MPM taking 7.653 s. Thus, with the same time step, there was 
no apparent advantage in terms of simulation time for MPM. However, with increasing 
larger time steps, the advantage of MPM began to show. In this case, with the 4th order 
Runge-Kutta solver, the largest time step that the 6DOF model could use is 0.0008 s. 
Anything larger, the simulation would immediately crash due to numerical calculation 
errors. Interestingly, there is no degradation in result accuracy up until this point, and 
thus no forecast in how large the time step would cause the 6DOF simulation to crash.  
For MPM, time step up to 0.05 s was attempted with little accuracy degradation from the 
baseline result, as shown in Figure 4.12.  
 
Figure 4.12: MIL difference at 750 m with increasing time step for  




At a time step size of 0.05 s, the simulation is already faster than real time. Anything 
larger would be impractical as the x-distance between each time step would be greater 
than the 50 m increment used on range card. Such fast simulation time offers the 
possibility of running MPM solver multiple times to iteratively find optimal aim point, as 
was done in the zeroing process of this program. 
 
4. 4. Uphill/Downhill Firing 
In the uphill firing case, a hypothetical shooter was attempting to hit a target at 750 m, 30 
degree upward. The first two attempts were made using the flat firing range card (Table 
4.2), without any correction and corrected by the Rifleman’s Rule (RMR). Two more 
attempts were then made using range cards specifically generated for 30 degree uphill 
firing by 6DOF and MPM program.  
The Rifleman’s Rule said that to hit a target at 750 m slant range (RS) with 30 degree 
angle, one should be reading the flat firing range card at an equivalent horizontal range 
(RH) of 750 cos(30°) = 650 𝑚. According to Table 4.2, this meant adjusting the aiming 
up 6.93 MIL or 23.84 MOA. However, if one were to use an actual 30 degree uphill 
range card generated by MPM (Table A.5 in Appendix), they should adjust their aiming 
up 8.30 MIL or 28.00 MOA. The significant difference in terms of the resulting impact 





Figure 4.13: For a target at 750 m slant range, 30° uphill, simulated impact points if firing 
using flat firing range card, flat firing range card + Rifleman’s Rule, and uphill range 
card produced by 6DOF and MPM. 
At a range of 750 m, way outside the designed effective range of M855, using uphill 
range cards generated by both 6DOF and MPM could both lead to a hit very close to the 
intended target point, whereas simply using the Rifleman’s Rule of reading flat range 
card significantly overcompensated. The impact point was almost as inaccurate as using 
such range card with no correction at all, just in different direction.  
To better understand how the Rifleman’s Rule performs in different uphill/downhill angle 
and ranges, more trials were conducted with results showing in Figure 4.14 and Figure 
4.15. They show they with both higher angle and longer range, it became increasingly 
more important to use an actual angle range card, either by 6DOF or MPM, to be able to 






Figure 4.14: For various uphill/downhill angle at 750 m slant range, vertical impact point 
error when using flat firing range card + Rifleman’s Rule 
 
Figure 4.15: For 30 degree uphill angle at various slant range, vertical impact point error 
when using flat firing range card + Rifleman’s Rule 
 
4. 5. Crosswind and Aerodynamic Jump 
In the case of this section, a hypothetical shooter attempted to hit a target at 750 m with 




induce upward or downward deflection on the trajectory known as Aerodynamic Jump. 
The first attempt was made with range card generated by the MPM model without jump 
calculations. The second attempt uses the same range card but with a fixed angle post 
processing jump compensation detailed in Section 2. 2. 7. The third attempt was made 
with range card generated by the MPM model developed with discrete jump calculations 
detailed in Section 3. 2. And the fourth attempt uses 6DOF range card, where 
aerodynamic jump was natively simulated by the model.  
In a scenario with constant 10m/s crosswind blowing from left to right, the impact points 
at 750m when using the above methods are shown below: 
 
Figure 4.16: For a 750m target with fixed 10 m/s crosswind, impact points by using 
different method compensating for aerodynamic jump 
In this case, all three methods that took aerodynamic jump into consideration had 
comparable results, and shooting without any compensation resulted in the impact point 
deflected much lower. Upon closer observation of jump estimation over range (Figure 




until the projectile had greatly destabilized at very long range, which is only simulated by 
6DOF. This was expected, as at this point the projectile would have a much larger AoA, 
enlarging any aerodynamic effects, including those responsible for vertical deflections.  
 
Figure 4.17: Aerodynamic Jump estimation by 6DOF, MPM + Discretized Jump and Post 
Processing Jump, with fixed 10m/s crosswind 
If the crosswind was varying, MPM with discrete aerodynamic jump should continue to 
function similar to 6DOF. To test this, the next scenario had a 5 m/s crosswind at the 
muzzle, but it gradually increased to 10m/s at the target. This simulates a situation where 
the shooter’s position is partially masked by terrain, resulting in lower wind speed, but 
the target was at an open area with higher wind speed observed. The impact point result 
at varying wind speed is shown below. As the post processing aerodynamic jump 
estimation uses conditions at the muzzle, it undercompensated in this case, resulting in a 





Figure 4.18: For a 750 m target with 5 m/s crosswind at muzzle but 10m/s at target, 
impact points by using different method compensating for aerodynamic jump 
Similar analysis of jump estimation vs range below shows that both 6DOF and MPM 
with discrete jump would vary according to wind speed with good agreement to each 
other, until the destabilization like in previous case.  
 
Figure 4.19: Aerodynamic Jump estimation by 6DOF, MPM + Discretized Jump and Post 




Equations that compute the aerodynamic jump (2.32 and 3.1) suggests that the jump 
angle (𝐽𝐴) depends on the ratio of two coefficients (
𝐶𝐿𝛼
𝐶𝑀𝛼
). The discretized method used the 
real time coefficients with respect to current Mach number, as plotted below: 
 
Figure 4.20: Coefficient ratio between lift and overturning across Mach 0~3,  
as used by the discretized aerodynamic jump in MPM 
It can be seen from the above figure that such ratio was more predominant at higher 
Mach number, and dropped with decreasing Mach number, which in reality could 
translate to positions closer to the muzzle versus downrange.  
 
4. 6. Spin Drift 
For a no wind scenario where most lateral deflection was caused by spin drift (ignoring 
the Coriolis Effect), such difference is very small between the 6DOF and MPM model, 
for an optimally spin stabilized projectile (1:7 twist rate in this case), as shown below 





Figure 4.21: Minimal difference in estimating spin drift by 6DOF and MPM  
under no-wind condition with 1:7 rifling 
This can be confirmed by the almost identical range card produced by these two models 
(Table 4.1 and 4.2) and the impact result in Figure 4.22. This figure also shows the 
impact point is spin drift estimation was done using the Miller Twist Rule Stability Factor 
and Equation 2.35, which overcompensated for spin drift for the M855 bullet as shown 






Figure 4.22: For M855 bullet, using Miller Twist Rule stability factor (SG) is over 
estimating spin drift, shown by impact points for target at 750m 
By examining the spin drift estimations given by three different methods throughout the 
entire 1000 m range, one could observe that while the 6DOF and MPM estimation were 
always close to each other, the stability factor method overestimated by around 30~35% 
for the M855 bullet, as shown by the figure blow: 
 
Figure 4.23: Spin drift by 6DOF, MPM and the stability factor (SG)  




4. 7. Rifling Twist Rate and Stability 
So far, all scenarios were conducted using the standard 1:7 twist rate, with MPM and 
6DOF showing very close results. In the following cases, slower twist rates, ranging from 
1:10 to 1:12 were tested. These twist rates, according to Miller Twist Rule (2.34), had 
Stability Factors of 1.18~0.82, much lower than the 2.0 recommendation by [18]. They 
are expected to lead to an under-spun projectile and consequently instabilities, which can 
be visualized by the 6DOF model as shown below:  
 
Figure 4.24: Projectile orientation at 1:12 twist with no wind, shown by 6DOF model 
At 1:12 twist rate, the projectile immediately became unstable upon leaving the muzzle, 





Figure 4.25: Projectile orientation at 1:11 twist with no wind, shown by 6DOF model 
At 1:11 twist rate, the projectile quickly became unstable within the first 100m.  
 





Figure 4.27: Projectile orientation at 1:10 twist with 5m/s crosswind, shown by 6DOF 
model 
The 1:10 twist rate is a borderline case. With no wind, it appears to be stable till after 
500m. But with a slight 5m/s crosswind, the projectile would become unstable right from 
the beginning. In this case, the wind would cause the projectile that just left the barrel to 
immediately have an angle-of-attack, acting as an initial disturbance, amplifying any 
aerodynamic effects that came afterwards.  
In these under-spun cases, large discrepancies were observed between 6DOF and MPM 
model, as shown by Figure 4.28. While the 6DOF simulates the destabilization due to 
insufficient spin, the MPM model continued treat these cases as stable trajectories, only 






Figure 4.28: Increasing difference between the MPM and 6DOF model as insufficient 
barrel twist making the projectile less stable 
In the case of 1:10 twist, MPM trajectory initially appeared to be comparable to the 
6DOF result, up to almost 800 m. However, with the introduction of wind, the differences 
quickly enlarged.  
 
Figure 4.29: At borderline stable twist, wind can be the deciding factor if the projectile is 




It should be noted that the borderline case could happen at the faster twist rate than 1:10, 
as the simulation does benefit from a perfectly zero (pointing straight ahead) initial 
condition. In reality, initial disturbances due to in-bore movement and manufacturing 






In this study, the various approaches to compute trajectories of a spinning projectile, and 
the underlining mathematical models were reviewed. A MATLAB program with ODE 
functions representing the 6 Degree-of-Freedom and Modified Point Mass models was 
developed to simulate trajectories with a wide range of possible user inputs. The 6DOF 
model was validated against a well-known, publicly available online ballistic calculator, 
to be used as baselines in the experiments. The behavior of 6DOF and MPM model were 
compared against each other under various conditions, as well as with more traditional 
methods of accounting for the external factors in these conditions. The findings are 
summarized as follows: 
Under most normal circumstances, if the projectile was known to be stable according to 
the rifling twist rate, the MPM results were comparable to that of the 6DOF. In long 
range uphill/downhill firing cases, both 6DOF and MPM performed significantly better 
than using the traditional Rifleman’s Rule correction. With the present of crosswind 
which induces aerodynamic jump, the 6DOF, MPM and the post processing 
compensation method all performed well in constant wind. By discretizing the 
aerodynamic jump compensation and integrating it into the MPM function¸ MPM was 
able to keep showing 6DOF level of good accuracy under variable wind.  
Therefore, for most applications that views the trajectories on a wholistic scale, such as 
using in ballistic calculators, generating range card for real live shooting or virtual 
environment (i.e. video games) there is little reason to use the 6DOF model in place of 




than when using 6DOF, which greatly reduces computation time. This can be especially 
important for any applications that requires a real-time estimate and update of 
trajectories, or calculating a large number of trajectories concurrently or iteratively.  
From a prerequisite standpoint, the MPM model only needs a subset of aerodynamic 
coefficients required by the 6DOF. This makes obtaining the coefficient of whichever 
projectile in question significantly easier. If this is done with CFD, fewer scenarios are 
needed to be run, as the MPM model only uses zero-AoA coefficients.  
However, if the application requires zooming into the trajectory to understand the motion 
of the projectile on a small scale, the 6DOF is needed to provide detailed visualization. 
One of the usefulness of such visualization is on the stability of the trajectory, or the lack 
of stability. In cases where insufficient rifling twist rate leading to projectiles that are not 
properly spin-stabilized, the 6DOF captured such motions and showed different overall 
trajectory result compared to MPM.  
Thus, in cases where the trajectory may not be stable, using MPM is not advisable, as it 
continues to treat the trajectory as if it is stable, rendering the simulation inaccurate. 
Caution should also be taken in borderline stability cases, as simulations had shown that 
small disturbances like a slight wind was enough to turn such cases into unstable 
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A. Raw Simulation Results in form of Range Card 
















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.74 0.15 0.51 -0.04 -0.01 -0.03 840.73 2.47 0.06 
100 0.00 0.00 0.00 0.00 0.00 0.00 791.03 2.32 0.12 
150 -4.66 -0.31 -1.07 0.13 0.01 0.03 742.80 2.18 0.18 
200 -13.76 -0.69 -2.37 0.36 0.02 0.06 695.99 2.04 0.25 
250 -27.94 -1.12 -3.84 0.71 0.03 0.10 650.63 1.91 0.33 
300 -47.91 -1.60 -5.49 1.19 0.04 0.14 606.76 1.78 0.41 
350 -74.55 -2.13 -7.32 1.83 0.05 0.18 564.46 1.66 0.49 
400 -108.90 -2.72 -9.36 2.66 0.07 0.23 523.82 1.54 0.59 
450 -152.21 -3.38 -11.63 3.69 0.08 0.28 484.68 1.42 0.68 
500 -205.98 -4.12 -14.16 4.96 0.10 0.34 446.84 1.31 0.79 
550 -272.07 -4.95 -17.01 6.51 0.12 0.41 410.56 1.21 0.91 
600 -352.75 -5.88 -20.21 8.38 0.14 0.48 376.36 1.11 1.04 
650 -450.80 -6.93 -23.84 10.64 0.16 0.56 344.99 1.01 1.17 
700 -569.49 -8.13 -27.97 13.35 0.19 0.66 318.64 0.94 1.33 
750 -712.36 -9.50 -32.65 16.61 0.22 0.76 297.81 0.88 1.49 
800 -882.90 -11.04 -37.94 20.48 0.26 0.88 281.32 0.83 1.66 
850 -1084.48 -12.76 -43.86 25.06 0.29 1.01 267.93 0.79 1.84 
900 -1320.30 -14.67 -50.43 30.40 0.34 1.16 256.67 0.75 2.03 
950 -1593.46 -16.77 -57.66 36.56 0.38 1.32 246.87 0.73 2.23 





















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.04 -0.01 -0.03 840.73 2.47 0.06 
100 -0.01 0.00 0.00 0.00 0.00 0.00 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 0.13 0.01 0.03 742.80 2.18 0.18 
200 -13.78 -0.69 -2.37 0.36 0.02 0.06 695.99 2.04 0.25 
250 -27.96 -1.12 -3.84 0.71 0.03 0.10 650.63 1.91 0.33 
300 -47.94 -1.60 -5.49 1.20 0.04 0.14 606.76 1.78 0.41 
350 -74.58 -2.13 -7.33 1.84 0.05 0.18 564.46 1.66 0.49 
400 -108.94 -2.72 -9.36 2.66 0.07 0.23 523.82 1.54 0.59 
450 -152.25 -3.38 -11.63 3.69 0.08 0.28 484.68 1.42 0.68 
500 -206.02 -4.12 -14.16 4.96 0.10 0.34 446.84 1.31 0.79 
550 -272.09 -4.95 -17.01 6.51 0.12 0.41 410.56 1.21 0.91 
600 -352.75 -5.88 -20.21 8.38 0.14 0.48 376.36 1.11 1.04 
650 -450.77 -6.93 -23.84 10.64 0.16 0.56 344.99 1.01 1.17 
700 -569.40 -8.13 -27.96 13.35 0.19 0.66 318.64 0.94 1.33 
750 -712.17 -9.49 -32.64 16.61 0.22 0.76 297.81 0.88 1.49 
800 -882.59 -11.03 -37.93 20.48 0.26 0.88 281.32 0.83 1.66 
850 -1084.00 -12.75 -43.84 25.06 0.29 1.01 267.93 0.79 1.84 
900 -1319.61 -14.66 -50.40 30.40 0.34 1.16 256.67 0.75 2.03 
950 -1592.50 -16.76 -57.62 36.57 0.38 1.32 246.87 0.73 2.23 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.49 0.00 
50 0.57 0.12 0.41 -0.04 -0.01 -0.03 840.80 2.35 0.06 
100 -0.30 -0.01 -0.03 0.01 0.00 0.00 791.14 2.21 0.12 
150 -4.93 -0.32 -1.08 0.14 0.01 0.03 742.89 2.08 0.18 
200 -13.87 -0.69 -2.37 0.37 0.02 0.06 696.02 1.95 0.25 
250 -28.26 -1.12 -3.85 0.73 0.03 0.10 650.71 1.83 0.33 
300 -48.10 -1.60 -5.50 1.22 0.04 0.14 606.80 1.71 0.41 
350 -74.73 -2.13 -7.33 1.87 0.05 0.18 564.49 1.59 0.49 
400 -109.19 -2.73 -9.37 2.70 0.07 0.23 523.86 1.48 0.59 
450 -152.51 -3.38 -11.64 3.74 0.08 0.29 484.71 1.37 0.68 
500 -206.18 -4.12 -14.17 5.03 0.10 0.35 446.86 1.27 0.79 
550 -272.27 -4.95 -17.01 6.60 0.12 0.41 410.58 1.17 0.91 
600 -353.00 -5.88 -20.22 8.49 0.14 0.49 376.39 1.07 1.04 
650 -451.07 -6.94 -23.85 10.77 0.17 0.57 345.07 0.99 1.17 
700 -569.70 -8.14 -27.97 13.51 0.19 0.66 318.72 0.92 1.33 
750 -712.39 -9.50 -32.65 16.79 0.22 0.77 297.85 0.86 1.49 
800 -882.80 -11.03 -37.93 20.70 0.26 0.89 281.34 0.82 1.66 
850 -1084.13 -12.75 -43.84 25.31 0.30 1.02 267.94 0.78 1.84 
900 -1319.86 -14.66 -50.41 30.69 0.34 1.17 256.68 0.75 2.03 
950 -1592.76 -16.76 -57.63 36.90 0.39 1.34 246.88 0.72 2.23 






















(m/s) Mach Time 
0 -1.73 0.00 0.00 0.00 0.00 -0.01 891.99 2.62 0.00 
50 1.22 0.24 0.84 -0.05 -0.01 -0.03 840.49 2.47 0.06 
100 1.16 0.12 0.40 -0.02 0.00 -0.01 790.63 2.32 0.12 
150 -2.30 -0.15 -0.53 0.08 0.01 0.02 742.31 2.17 0.18 
200 -9.62 -0.48 -1.65 0.27 0.01 0.05 695.46 2.03 0.25 
250 -21.33 -0.85 -2.93 0.57 0.02 0.08 650.11 1.90 0.33 
300 -38.09 -1.27 -4.36 0.98 0.03 0.11 606.30 1.77 0.41 
350 -60.65 -1.73 -5.96 1.52 0.04 0.15 564.10 1.64 0.49 
400 -89.91 -2.25 -7.73 2.23 0.06 0.19 523.58 1.52 0.59 
450 -126.96 -2.82 -9.70 3.11 0.07 0.24 484.52 1.41 0.68 
500 -173.12 -3.46 -11.90 4.21 0.08 0.29 446.78 1.30 0.79 
550 -230.02 -4.18 -14.38 5.55 0.10 0.35 410.65 1.19 0.91 
600 -299.64 -4.99 -17.17 7.18 0.12 0.41 376.66 1.09 1.04 
650 -384.41 -5.91 -20.33 9.14 0.14 0.48 345.70 1.00 1.17 
700 -487.16 -6.96 -23.92 11.51 0.16 0.57 319.99 0.92 1.33 
750 -610.95 -8.15 -28.00 14.36 0.19 0.66 299.61 0.86 1.49 
800 -758.78 -9.48 -32.61 17.75 0.22 0.76 283.33 0.82 1.66 
850 -933.60 -10.98 -37.76 21.77 0.26 0.88 269.93 0.78 1.84 
900 -1138.27 -12.65 -43.48 26.48 0.29 1.01 258.49 0.74 2.03 
950 -1375.61 -14.48 -49.78 31.94 0.34 1.16 248.36 0.71 2.23 






















(m/s) Mach Time 
0 -1.73 0.00 0.00 0.00 0.00 -0.01 891.99 2.62 0.00 
50 1.22 0.24 0.84 -0.04 -0.01 -0.03 840.49 2.47 0.06 
100 1.15 0.12 0.40 -0.02 0.00 -0.01 790.63 2.32 0.12 
150 -2.31 -0.15 -0.53 0.08 0.01 0.02 742.31 2.17 0.18 
200 -9.63 -0.48 -1.66 0.27 0.01 0.05 695.46 2.03 0.25 
250 -21.35 -0.85 -2.94 0.57 0.02 0.08 650.11 1.90 0.33 
300 -38.11 -1.27 -4.37 0.98 0.03 0.11 606.30 1.77 0.41 
350 -60.67 -1.73 -5.96 1.52 0.04 0.15 564.10 1.64 0.49 
400 -89.94 -2.25 -7.73 2.23 0.06 0.19 523.58 1.52 0.59 
450 -126.99 -2.82 -9.70 3.12 0.07 0.24 484.52 1.41 0.68 
500 -173.15 -3.46 -11.91 4.21 0.08 0.29 446.78 1.30 0.79 
550 -230.04 -4.18 -14.38 5.55 0.10 0.35 410.65 1.19 0.91 
600 -299.64 -4.99 -17.17 7.18 0.12 0.41 376.66 1.09 1.04 
650 -384.37 -5.91 -20.33 9.14 0.14 0.48 345.70 1.00 1.17 
700 -487.08 -6.96 -23.92 11.51 0.16 0.57 319.99 0.92 1.33 
750 -610.78 -8.14 -28.00 14.35 0.19 0.66 299.61 0.86 1.49 
800 -758.51 -9.48 -32.59 17.75 0.22 0.76 283.33 0.82 1.66 
850 -933.18 -10.98 -37.74 21.77 0.26 0.88 269.93 0.78 1.84 
900 -1137.65 -12.64 -43.45 26.47 0.29 1.01 258.49 0.74 2.03 
950 -1374.76 -14.47 -49.74 31.94 0.34 1.16 248.36 0.71 2.23 























(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 -0.57 -0.11 -0.39 1.71 0.34 1.17 840.63 2.47 0.06 
100 -2.60 -0.26 -0.89 7.06 0.71 2.43 790.91 2.32 0.12 
150 -8.54 -0.57 -1.96 16.42 1.09 3.76 742.67 2.18 0.18 
200 -18.94 -0.95 -3.25 30.18 1.51 5.19 695.87 2.04 0.25 
250 -34.40 -1.38 -4.73 48.82 1.95 6.71 650.51 1.91 0.33 
300 -55.67 -1.86 -6.38 72.87 2.43 8.35 606.64 1.78 0.41 
350 -83.62 -2.39 -8.21 102.95 2.94 10.11 564.35 1.66 0.49 
400 -119.28 -2.98 -10.25 139.73 3.49 12.01 523.72 1.54 0.59 
450 -163.89 -3.64 -12.52 183.99 4.09 14.06 484.58 1.42 0.68 
500 -218.98 -4.38 -15.06 236.71 4.73 16.27 446.75 1.31 0.79 
550 -286.38 -5.21 -17.90 299.02 5.44 18.69 410.49 1.21 0.91 
600 -368.40 -6.14 -21.11 372.15 6.20 21.32 376.30 1.11 1.04 
650 -467.80 -7.20 -24.74 457.28 7.03 24.18 344.95 1.01 1.17 
700 -587.87 -8.40 -28.87 555.03 7.93 27.26 318.61 0.94 1.33 
750 -732.17 -9.76 -33.56 664.95 8.87 30.48 297.72 0.87 1.49 
800 -903.99 -11.30 -38.84 786.19 9.83 33.78 280.89 0.83 1.66 
850 -1106.72 -13.02 -44.76 917.53 10.79 37.11 266.38 0.78 1.84 
900 -1344.90 -14.94 -51.37 1059.26 11.77 40.46 253.24 0.74 2.04 
950 -1621.36 -17.06 -58.67 1212.53 12.76 43.88 241.37 0.71 2.24 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 -0.56 -0.11 -0.38 1.64 0.33 1.13 840.73 2.47 0.06 
100 -2.58 -0.26 -0.89 6.94 0.69 2.39 791.03 2.32 0.12 
150 -8.53 -0.57 -1.96 16.25 1.08 3.72 742.80 2.18 0.18 
200 -18.94 -0.95 -3.26 29.96 1.50 5.15 695.99 2.04 0.25 
250 -34.42 -1.38 -4.73 48.56 1.94 6.68 650.63 1.91 0.33 
300 -55.71 -1.86 -6.38 72.57 2.42 8.32 606.76 1.78 0.41 
350 -83.68 -2.39 -8.22 102.60 2.93 10.08 564.47 1.66 0.49 
400 -119.36 -2.98 -10.26 139.33 3.48 11.97 523.83 1.54 0.59 
450 -163.98 -3.64 -12.53 183.54 4.08 14.02 484.69 1.42 0.68 
500 -219.00 -4.38 -15.06 236.20 4.72 16.24 446.85 1.31 0.79 
550 -286.30 -5.20 -17.89 298.45 5.43 18.65 410.58 1.21 0.91 
600 -368.14 -6.14 -21.09 371.52 6.19 21.29 376.39 1.11 1.04 
650 -467.33 -7.19 -24.72 456.59 7.02 24.15 345.03 1.01 1.17 
700 -587.17 -8.39 -28.84 554.28 7.92 27.22 318.69 0.94 1.33 
750 -731.18 -9.75 -33.51 664.06 8.85 30.44 297.87 0.88 1.49 
800 -902.86 -11.28 -38.80 784.90 9.81 33.73 281.39 0.83 1.66 
850 -1105.53 -13.00 -44.71 915.82 10.77 37.04 268.00 0.79 1.84 
900 -1342.38 -14.91 -51.27 1056.10 11.73 40.34 256.76 0.75 2.03 
950 -1616.49 -17.01 -58.49 1205.22 12.68 43.61 246.97 0.73 2.23 





Table A.8: Breakdown of drop by gravity and aerodynamic jump at 10 m/s crosswind 
Range  
(m) 
6DOF Drop (MIL) MPM Drop (MIL) 
Total Gravity AJ Total Gravity AJ 
0 0.00 0.00 0.0000 0.00 0.00 0.0000 
50 -0.11 0.15 -0.2617 -0.11 0.15 -0.2578 
100 -0.26 0.00 -0.2598 -0.26 0.00 -0.2575 
150 -0.57 -0.31 -0.2589 -0.57 -0.31 -0.2576 
200 -0.95 -0.69 -0.2586 -0.95 -0.69 -0.2579 
250 -1.38 -1.12 -0.2586 -1.38 -1.12 -0.2584 
300 -1.86 -1.60 -0.2588 -1.86 -1.60 -0.2591 
350 -2.39 -2.13 -0.2591 -2.39 -2.13 -0.2599 
400 -2.98 -2.72 -0.2594 -2.98 -2.72 -0.2606 
450 -3.64 -3.38 -0.2596 -3.64 -3.38 -0.2606 
500 -4.38 -4.12 -0.2600 -4.38 -4.12 -0.2597 
550 -5.21 -4.95 -0.2603 -5.20 -4.95 -0.2582 
600 -6.14 -5.88 -0.2609 -6.14 -5.88 -0.2564 
650 -7.20 -6.93 -0.2616 -7.19 -6.93 -0.2548 
700 -8.40 -8.13 -0.2625 -8.39 -8.13 -0.2538 
750 -9.76 -9.50 -0.2641 -9.75 -9.49 -0.2534 
800 -11.30 -11.04 -0.2635 -11.28 -11.03 -0.2533 
850 -13.02 -12.76 -0.2616 -13.00 -12.75 -0.2532 
900 -14.94 -14.67 -0.2732 -14.91 -14.66 -0.2530 
950 -17.06 -16.77 -0.2936 -17.01 -16.76 -0.2525 





Table A.9: Breakdown of windage by wind and spin drift at 10 m/s crosswind 
Range  
(m) 
6DOF Windage (MIL) MPM Windage (MIL) 
Total Wind Spin Drift Total Wind Spin Drift 
0 0.00 0.00 0.0000 0.00 0.00 0.0000 
50 0.34 0.35 -0.0080 0.33 0.34 -0.0080 
100 0.71 0.71 -0.0001 0.69 0.69 0.0000 
150 1.09 1.09 0.0086 1.08 1.07 0.0087 
200 1.51 1.49 0.0181 1.50 1.48 0.0181 
250 1.95 1.92 0.0284 1.94 1.91 0.0285 
300 2.43 2.39 0.0398 2.42 2.38 0.0399 
350 2.94 2.89 0.0524 2.93 2.88 0.0525 
400 3.49 3.43 0.0664 3.48 3.42 0.0664 
450 4.09 4.01 0.0819 4.08 4.00 0.0820 
500 4.73 4.63 0.0992 4.72 4.62 0.0992 
550 5.44 5.32 0.1183 5.43 5.31 0.1183 
600 6.20 6.06 0.1397 6.19 6.05 0.1397 
650 7.03 6.87 0.1637 7.02 6.86 0.1637 
700 7.93 7.74 0.1908 7.92 7.73 0.1907 
750 8.87 8.64 0.2214 8.85 8.63 0.2214 
800 9.83 9.57 0.2560 9.81 9.55 0.2560 
850 10.79 10.50 0.2948 10.77 10.48 0.2947 
900 11.77 11.43 0.3378 11.73 11.40 0.3377 
950 12.76 12.38 0.3848 12.68 12.30 0.3849 





















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.05 -0.01 -0.04 840.73 2.47 0.06 
100 -0.01 0.00 0.00 -0.05 0.00 -0.02 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 0.02 0.00 0.00 742.80 2.18 0.18 
200 -13.78 -0.69 -2.37 0.16 0.01 0.03 695.99 2.04 0.25 
250 -27.97 -1.12 -3.85 0.38 0.02 0.05 650.63 1.91 0.33 
300 -47.95 -1.60 -5.50 0.70 0.02 0.08 606.76 1.78 0.41 
350 -74.61 -2.13 -7.33 1.12 0.03 0.11 564.46 1.66 0.49 
400 -108.98 -2.72 -9.37 1.68 0.04 0.14 523.82 1.54 0.59 
450 -152.31 -3.38 -11.64 2.38 0.05 0.18 484.68 1.42 0.68 
500 -206.10 -4.12 -14.17 3.24 0.06 0.22 446.84 1.31 0.79 
550 -272.21 -4.95 -17.01 4.31 0.08 0.27 410.56 1.21 0.91 
600 -352.92 -5.88 -20.22 5.60 0.09 0.32 376.35 1.11 1.04 
650 -451.00 -6.94 -23.85 7.18 0.11 0.38 344.94 1.01 1.17 
700 -569.62 -8.14 -27.97 9.04 0.13 0.44 318.34 0.94 1.33 
750 -712.78 -9.50 -32.67 11.30 0.15 0.52 296.49 0.87 1.49 
800 -883.44 -11.04 -37.96 13.76 0.17 0.59 278.16 0.82 1.66 
850 -1085.85 -12.77 -43.91 17.05 0.20 0.69 262.80 0.77 1.85 
900 -1324.03 -14.71 -50.57 20.83 0.23 0.80 249.66 0.73 2.04 
950 -1601.69 -16.86 -57.95 25.08 0.26 0.91 237.98 0.70 2.25 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.05 -0.01 -0.04 840.73 2.47 0.06 
100 -0.01 0.00 0.00 -0.05 0.00 -0.02 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 0.02 0.00 0.00 742.80 2.18 0.18 
200 -13.79 -0.69 -2.37 0.16 0.01 0.03 695.99 2.04 0.25 
250 -27.97 -1.12 -3.85 0.38 0.02 0.05 650.63 1.91 0.33 
300 -47.95 -1.60 -5.50 0.70 0.02 0.08 606.76 1.78 0.41 
350 -74.61 -2.13 -7.33 1.12 0.03 0.11 564.46 1.66 0.49 
400 -108.98 -2.72 -9.37 1.68 0.04 0.14 523.82 1.54 0.59 
450 -152.30 -3.38 -11.63 2.38 0.05 0.18 484.68 1.42 0.68 
500 -206.08 -4.12 -14.17 3.24 0.06 0.22 446.84 1.31 0.79 
550 -272.18 -4.95 -17.01 4.30 0.08 0.27 410.56 1.21 0.91 
600 -352.86 -5.88 -20.22 5.59 0.09 0.32 376.36 1.11 1.04 
650 -450.90 -6.94 -23.85 7.15 0.11 0.38 344.99 1.01 1.17 
700 -569.57 -8.14 -27.97 9.03 0.13 0.44 318.64 0.94 1.33 
750 -712.38 -9.50 -32.65 11.28 0.15 0.52 297.81 0.88 1.49 
800 -882.85 -11.03 -37.94 13.97 0.17 0.60 281.32 0.83 1.66 
850 -1084.31 -12.75 -43.85 17.15 0.20 0.69 267.93 0.79 1.84 
900 -1319.98 -14.66 -50.42 20.87 0.23 0.80 256.67 0.75 2.03 
950 -1592.94 -16.76 -57.64 25.17 0.26 0.91 246.87 0.73 2.23 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.27 0.05 0.18 0.80 0.16 0.55 840.61 2.47 0.06 
100 -0.93 -0.09 -0.32 3.46 0.35 1.19 790.72 2.32 0.12 
150 -6.02 -0.40 -1.38 8.15 0.54 1.87 742.23 2.18 0.18 
200 -15.60 -0.78 -2.68 15.02 0.75 2.58 695.10 2.04 0.25 
250 -30.30 -1.21 -4.17 24.49 0.98 3.37 649.36 1.91 0.33 
300 -50.75 -1.69 -5.82 36.59 1.22 4.19 605.03 1.78 0.41 
350 -77.90 -2.23 -7.65 51.92 1.48 5.10 562.09 1.65 0.49 
400 -112.87 -2.82 -9.70 70.70 1.77 6.08 520.58 1.53 0.59 
450 -156.88 -3.49 -11.99 93.34 2.07 7.13 480.27 1.41 0.69 
500 -211.66 -4.23 -14.55 120.40 2.41 8.28 440.78 1.30 0.79 
550 -279.09 -5.07 -17.44 153.05 2.78 9.57 402.33 1.18 0.91 
600 -361.75 -6.03 -20.73 191.33 3.19 10.96 365.98 1.08 1.04 
650 -462.66 -7.12 -24.47 236.60 3.64 12.51 333.69 0.98 1.19 
700 -585.31 -8.36 -28.74 288.47 4.12 14.17 307.34 0.90 1.34 
750 -734.34 -9.79 -33.66 347.36 4.63 15.92 286.46 0.84 1.51 
800 -913.30 -11.41 -39.24 412.12 5.15 17.71 269.62 0.79 1.69 
850 -1125.90 -13.24 -45.53 482.67 5.68 19.52 255.53 0.75 1.88 
900 -1376.06 -15.29 -52.56 558.85 6.21 21.35 243.26 0.72 2.08 
950 -1667.76 -17.55 -60.34 640.62 6.74 23.18 232.14 0.68 2.30 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.28 0.06 0.19 0.79 0.16 0.54 840.73 2.47 0.06 
100 -0.91 -0.09 -0.31 3.43 0.34 1.18 791.03 2.32 0.12 
150 -6.03 -0.40 -1.38 8.08 0.54 1.85 742.80 2.18 0.18 
200 -15.59 -0.78 -2.68 14.96 0.75 2.57 695.99 2.04 0.25 
250 -30.23 -1.21 -4.16 24.31 0.97 3.34 650.63 1.91 0.33 
300 -50.68 -1.69 -5.81 36.39 1.21 4.17 606.76 1.78 0.41 
350 -77.80 -2.22 -7.64 51.50 1.47 5.06 564.46 1.66 0.49 
400 -112.63 -2.82 -9.68 70.01 1.75 6.02 523.82 1.54 0.59 
450 -156.40 -3.48 -11.95 92.30 2.05 7.05 484.68 1.42 0.68 
500 -210.63 -4.21 -14.48 118.86 2.38 8.17 446.84 1.31 0.79 
550 -277.15 -5.04 -17.32 150.27 2.73 9.39 410.56 1.21 0.91 
600 -358.25 -5.97 -20.53 187.15 3.12 10.72 376.37 1.11 1.04 
650 -456.70 -7.03 -24.15 230.12 3.54 12.17 345.00 1.01 1.17 
700 -575.78 -8.22 -28.28 279.48 3.99 13.73 318.66 0.94 1.33 
750 -719.03 -9.59 -32.96 334.99 4.47 15.35 297.83 0.88 1.49 
800 -889.94 -11.12 -38.24 396.16 4.95 17.02 281.34 0.83 1.66 
850 -1091.84 -12.84 -44.16 462.51 5.44 18.71 267.95 0.79 1.84 
900 -1327.94 -14.75 -50.72 533.69 5.93 20.39 256.69 0.75 2.03 
950 -1601.33 -16.85 -57.94 609.46 6.41 22.05 246.90 0.73 2.23 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.05 -0.01 -0.04 840.73 2.47 0.06 
100 -0.02 0.00 -0.01 -0.05 -0.01 -0.02 791.00 2.32 0.12 
150 -4.65 -0.31 -1.07 0.06 0.00 0.01 741.30 2.18 0.18 
200 -13.81 -0.69 -2.37 0.25 0.01 0.04 685.66 2.01 0.25 
250 -28.20 -1.13 -3.88 0.19 0.01 0.03 630.34 1.85 0.33 
300 -48.64 -1.62 -5.57 0.57 0.02 0.07 580.23 1.70 0.41 
350 -76.53 -2.19 -7.52 0.93 0.03 0.09 534.43 1.57 0.50 
400 -113.14 -2.83 -9.72 1.51 0.04 0.13 491.89 1.45 0.60 
450 -159.56 -3.55 -12.19 2.21 0.05 0.17 451.15 1.33 0.71 
500 -218.32 -4.37 -15.01 3.18 0.06 0.22 411.80 1.21 0.82 
550 -291.43 -5.30 -18.22 4.14 0.08 0.26 374.49 1.10 0.95 
600 -382.40 -6.37 -21.91 5.48 0.09 0.31 340.97 1.00 1.09 
650 -494.25 -7.60 -26.14 7.08 0.11 0.37 313.13 0.92 1.24 
700 -630.83 -9.01 -30.98 9.00 0.13 0.44 291.05 0.86 1.41 
750 -796.93 -10.62 -36.53 11.17 0.15 0.51 273.36 0.80 1.59 
800 -995.23 -12.44 -42.76 13.95 0.17 0.60 258.69 0.76 1.78 
850 -1230.68 -14.48 -49.77 17.51 0.21 0.71 246.04 0.72 1.97 
900 -1506.82 -16.74 -57.55 21.18 0.24 0.81 234.68 0.69 2.18 
950 -1827.21 -19.23 -66.11 25.46 0.27 0.92 224.07 0.66 2.40 























(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.05 -0.01 -0.04 840.73 2.47 0.06 
100 -0.01 0.00 0.00 -0.06 -0.01 -0.02 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 0.00 0.00 0.00 742.80 2.18 0.18 
200 -13.79 -0.69 -2.37 0.12 0.01 0.02 695.99 2.04 0.25 
250 -27.97 -1.12 -3.85 0.31 0.01 0.04 650.63 1.91 0.33 
300 -47.96 -1.60 -5.50 0.59 0.02 0.07 606.76 1.78 0.41 
350 -74.62 -2.13 -7.33 0.97 0.03 0.10 564.46 1.66 0.49 
400 -108.98 -2.72 -9.37 1.47 0.04 0.13 523.82 1.54 0.59 
450 -152.31 -3.38 -11.64 2.10 0.05 0.16 484.68 1.42 0.68 
500 -206.09 -4.12 -14.17 2.88 0.06 0.20 446.84 1.31 0.79 
550 -272.19 -4.95 -17.01 3.84 0.07 0.24 410.56 1.21 0.91 
600 -352.88 -5.88 -20.22 5.00 0.08 0.29 376.36 1.11 1.04 
650 -450.93 -6.94 -23.85 6.41 0.10 0.34 344.99 1.01 1.17 
700 -569.59 -8.14 -27.97 8.11 0.12 0.40 318.64 0.94 1.33 
750 -712.42 -9.50 -32.65 10.15 0.14 0.47 297.81 0.88 1.49 
800 -882.89 -11.03 -37.94 12.59 0.16 0.54 281.32 0.83 1.66 
850 -1084.36 -12.76 -43.85 15.47 0.18 0.63 267.93 0.79 1.84 
900 -1320.04 -14.66 -50.42 18.84 0.21 0.72 256.67 0.75 2.03 
950 -1593.01 -16.77 -57.64 22.75 0.24 0.82 246.87 0.73 2.23 






















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.27 0.05 0.18 -0.61 -0.12 -0.42 788.33 2.32 0.06 
100 -1.28 -0.13 -0.44 -0.81 -0.08 -0.28 686.47 2.02 0.13 
150 -7.92 -0.53 -1.81 -1.20 -0.08 -0.28 627.34 1.84 0.20 
200 -21.00 -1.05 -3.61 -1.37 -0.07 -0.24 577.36 1.70 0.29 
250 -41.61 -1.66 -5.72 -1.47 -0.06 -0.20 531.92 1.56 0.38 
300 -70.71 -2.36 -8.10 -1.24 -0.04 -0.14 489.61 1.44 0.48 
350 -110.23 -3.15 -10.83 -1.20 -0.03 -0.12 449.02 1.32 0.58 
400 -161.81 -4.04 -13.91 -0.89 -0.02 -0.08 409.81 1.20 0.70 
450 -228.12 -5.07 -17.43 -0.15 0.00 -0.01 372.68 1.10 0.83 
500 -311.99 -6.24 -21.45 0.46 0.01 0.03 339.40 1.00 0.97 
550 -417.33 -7.59 -26.08 1.58 0.03 0.10 311.88 0.92 1.12 
600 -547.72 -9.13 -31.38 3.33 0.06 0.19 290.07 0.85 1.29 
650 -707.37 -10.88 -37.41 4.86 0.07 0.26 272.56 0.80 1.47 
700 -899.76 -12.85 -44.19 7.36 0.11 0.36 258.02 0.76 1.65 
750 -1129.47 -15.06 -51.77 10.38 0.14 0.48 245.45 0.72 1.85 
800 -1399.95 -17.50 -60.15 13.62 0.17 0.59 234.14 0.69 2.06 
850 -1714.98 -20.17 -69.35 17.45 0.21 0.71 223.55 0.66 2.28 
900 -2079.24 -23.10 -79.41 22.30 0.25 0.85 213.47 0.63 2.51 
950 -2497.97 -26.29 -90.37 28.00 0.29 1.01 203.88 0.60 2.75 





















(m/s) Mach Time 
0 -2.00 0.00 0.00 0.00 0.00 0.00 892.00 2.62 0.00 
50 0.73 0.15 0.50 -0.06 -0.01 -0.04 840.73 2.47 0.06 
100 -0.01 0.00 0.00 -0.06 -0.01 -0.02 791.03 2.32 0.12 
150 -4.67 -0.31 -1.07 -0.02 0.00 0.00 742.80 2.18 0.18 
200 -13.79 -0.69 -2.37 0.08 0.00 0.01 695.99 2.04 0.25 
250 -27.97 -1.12 -3.85 0.26 0.01 0.04 650.63 1.91 0.33 
300 -47.96 -1.60 -5.50 0.51 0.02 0.06 606.76 1.78 0.41 
350 -74.62 -2.13 -7.33 0.85 0.02 0.08 564.46 1.66 0.49 
400 -108.99 -2.72 -9.37 1.29 0.03 0.11 523.82 1.54 0.59 
450 -152.31 -3.38 -11.64 1.86 0.04 0.14 484.68 1.42 0.68 
500 -206.10 -4.12 -14.17 2.57 0.05 0.18 446.84 1.31 0.79 
550 -272.21 -4.95 -17.01 3.45 0.06 0.22 410.56 1.21 0.91 
600 -352.90 -5.88 -20.22 4.51 0.08 0.26 376.36 1.11 1.04 
650 -450.94 -6.94 -23.85 5.79 0.09 0.31 344.99 1.01 1.17 
700 -569.62 -8.14 -27.97 7.34 0.10 0.36 318.64 0.94 1.33 
750 -712.44 -9.50 -32.66 9.21 0.12 0.42 297.81 0.88 1.49 
800 -882.92 -11.04 -37.94 11.44 0.14 0.49 281.32 0.83 1.66 
850 -1084.40 -12.76 -43.86 14.08 0.17 0.57 267.93 0.79 1.84 
900 -1320.09 -14.67 -50.42 17.16 0.19 0.66 256.67 0.75 2.03 
950 -1593.07 -16.77 -57.64 20.73 0.22 0.75 246.87 0.73 2.23 
1000 -1906.42 -19.06 -65.53 24.82 0.25 0.85 238.05 0.70 2.44 
  
